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Abstract. We illustrate how a generalization of the JIMWLK formalism which treats independently the direct and com-
plex conjugate amplitudes can be used to describe semi-inclusive multiparticle production with rapidity correlations in pA
collisions. The evolution equations that are obtained with this formalism are susceptible of numerical implementation as a
Langevin process.
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INTRODUCTION
Valuable information about hadronic wavefunctions at high parton densities is provided by the study of multi-particle
rapidity correlations in high-energy pA collisions (see, e.g. [1] and references therein). In fact, as a consequence
of causality, such correlations must have been produced very shortly after the collision [2]. Of course, final state
interactions and collective phenomena can also act as a source of correlations between the produced particles and as a
matter of fact, these effects are expected to play the key role in describing the ridge observed in AA collisions at RHIC
and LHC. However, the discovery by CMS of ridge-like correlations in pA and even in high multiplicity pp collisions
at 7 TeV [3], for which one expects no flow since the size of the interaction region and the number of produced
particles are considerably smaller, challenges an explanation based on final state effects. In order to disentangle the
correlations produced by initial and final state interactions, it is necessary to be able to compute the cross section for
semi-inclusive multiparticle production production in dilute-dense collisions from first principles.
An inherent complication of these calculations, as opposed to the computation of total inclusive cross sections,
is the need to track independently the direct and complex conjugate amplitudes. Yet another major difficulty is
the absence of kT factorization for multiparticle production with rapidity separations in the presence of multiple
scattering. This problem does not appear in the vast majority of production processes in DIS or pA collisions studied
in the literature for which multiple scattering is included in the eikonal approximation, like inclusive gluon production
in quark (proton)-nucleon collisions and single inclusive quark valence [4], prompt photon and Drell-Yan dilepton
[5], inclusive gluon-gluon and gluon-valence quark [6, 7] or inclusive qq¯ production [8], since such problems either
refer to single-inclusive gluon production with an unmeasured projectile, in which case kT factorization is recovered
as a consequence of the cancellation of final state interactions [9], or to 2-particle production with both particles
propagating at forward rapidities.
To deal with these difficulties a suitable generalization of the JIMWLK evolution Hamiltonian was proposed in
[10, 11], which acts onto a generating functional expressing the doubling of degrees of freedom which are treated
independently for the amplitude and its complex conjugate. In the following we review how particle production
fits within this picture and we illustrate in the simplest case how this formalism can be applied to compute particle
production at a rapidity separation in dilute-dense scattering [12].
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THE GENERATING FUNCTIONAL AND THE PRODUCTION HAMILTONIAN
Consider the gluon-initiated production of a gluon with definite momentum k in the presence of a background field. In
the eikonal approximation, the differential cross section is given by2 [7]
dσg(p)A→g(q)g(k)X
d2kd2qdykdyq
= q+δ (p+−q+)αsCA
pi2
∫
xx¯yy¯
K ixyK
i
x¯y¯e
−iq·(x−x¯)−ik·(y−y¯)
× [〈Syy¯〉Y 〈Sy¯y〉Y −〈Syx¯〉Y 〈Sx¯y¯〉Y 〈Sy¯y〉Y −〈Sy¯x〉Y 〈Sxy〉Y 〈Syy¯〉Y + 〈Qxyy¯x¯〉Y 〈Sxx¯〉Y 〈Syy¯〉Y ] ,
(1)
where Sxy ≡ 1Nc Tr(V
†
x Vy) and Qyxx¯y¯ ≡ 1Nc Tr(V
†
y VxV
†
x¯ Vy¯), with V
†
xi ≡ P exp [ig
∫
dx+A −a (x+,0,xi)ta] a Wilson line
describing a right-moving projectile in the fundamental representation (we will denote correspondingly by the letter
U the Wilson lines in the adjoint representation). We have also introduced the notationKxyz =K ixzK
i
yz; K
i
xz =
(x−z)i
(x−z)2
for the Weizsäcker-Williams kernel.
The differential cross-section (1) can be also expressed as obtained by the action of the production Hamiltonian3
Hprod(k) =
1
4pi3
∫
yy¯
e−ik·(y−y¯)
∫
uv
K iyuK
i
y¯v(U
†
u −U†y )ca(U¯†v −U¯†y¯ )cbRauR¯bv (2)
onto the gluon generating functional SˆAxx¯ =
1
N2c−1 Tr[U
†
x U¯x¯ ] [10, 11]:
dσg(p)A→g(q)g(k)X
d2kd2qdykdyq
= q+δ (p+−q+− k+) 1
(2pi)4
∫
xx¯
e−iq·(x−x¯)〈Hprod(k)SˆAxx¯ |U=U¯ 〉Y . (3)
The production Hamiltonian (2) treats differently Wilson lines in the direct (U) and complex conjugate amplitudes
(U¯), and is used to produce on-shell gluons with a definite momentum. One can also evolve the system in rapidity by
emitting gluons that are not measured in the final state, by means of the evolution Hamiltonian (Fig. 1)
Hevol = HJIMWLK[U,R;U,R]+HJIMWLK[U,R;U¯ , R¯]+HJIMWLK[U¯ , R¯;U,R]+HJIMWLK[U¯ , R¯;U¯ , R¯]
≡ H11+H12+H21+H22;
HJIMWLK[U,R;U¯ , R¯] =
1
(2pi)3
∫
uvz
Kuvz(U†u −U†z )ab(U¯†v −U¯†z )acRbuR¯cv.
(4)
A general semi-inclusive multiproduction cross-section in the eikonal approximation can be written in the form
dσP(p1,··· ,pn)A→P(q1,··· ,qn)g(k1,∆Y1)···g(km,∆Ym)X
d2q1dyq1 · · ·d2qndyqnd2k1dyk1 · · ·d2kmd2ykm
=
∏ni=1 p
+
i δ (q
+
i − p+i )
(2pi)4+2n
∫
x1 x¯1···xn x¯n
e−i[q1·(x1−x¯1)+···+qn·(xn−x¯n)]
×
〈
Hprod(km)eHevol∆YmHprod(km−1)eHevol∆Ym−1 · · ·×Hprod(k1)eHevol∆Y1Zxi,x¯i |U=U¯
〉
Y
,
(5)
where Zxi,x¯i is the generating functional (density matrix) associated to the projectile, which consists of Wilson lines
with coordinates xi in the direct amplitude and x¯i in the complex conjugate (i = 1, · · · ,n). Notice that in the spirit of
collinear factorization we are taking the transverse momenta of the components of the incoming projectile to be zero.
It is important to remark that in view of Eq. 5, no factorization in rapidity is to be expected except for very special
cases, since the projectile evolution is entangled with multiple scattering from the target in a rather nontrivial fashion.
The concrete incarnations of the general formula (5) rapidly become very involved. In order to be able to act
sequentially with Hevol and Hprod, it is needed to conserve the functional dependence of the Wilson lines at each step
of the evolution, which introduces a tremendous complexity. Fortunately, in Ref. [11], a numerics-friendly procedure
was devised along the lines of [13] to cast the evolution as a bilocal Langevin process.
2 For simplicity, we are taking the large-Nc limit in Eqs. (1) and (3). The evolution and production Hamiltonians, however, are of course not
restricted to such a limit.
3 The right derivatives in (2) are defined through their action on Wilson lines, RauV
†
x = igδuxV †x ta.
−∞ −∞+∞x+ = 0 x+ = 0
x x¯
U U¯
H11 H22
H12
Figure 1. Graphs associated to different pieces of the evolution Hamiltonian.
Figure 2. A sample of typical shockwave diagrams for gluon production in a dipole-nucleus collision with one step in rapidity
evolution (red gluon). The crosses indicate those partons whosee momentum is measured.
We note that, when the components of the projectile do not get their transverse momenta measured, only the right
derivative terms turn out to be relevant for its rapidity evolution due to causality (see, for instance, the discussion
in [11]). In such a case, the single-inclusive gluon production by a generic projectile described by the generating
functionalZ∆Y = eHevol∆YZY=0 (where ∆Y is the rapidity difference between the valence components of the projectile
and the produced gluon) can be computed as
dσPA→g(k)X
d2kdyk
=
1
(2pi)4
1
4pi3
∫
yy¯
e−ik·(y−y¯)
∫
uv
K iyuK
i
y¯v
〈
(U†u −U†y )ca(U†v −U†y¯ )cb
〉
Y [R
a
uR¯
b
vZ∆Y ]V=V¯ . (6)
Notice that we must have [RauR¯
b
vZ∆Y ]V=V¯ =
δ ab
N2c−1R
e
uR¯
e
vZ∆Y |V=V¯ ≡ −δ abn∆Y (u,v), where the charge correlator
n∆Y (u,v) appears outside the target average since it is not dependent on the Wilson lines after setting V = V¯ (this is
also the reason why it is color diagonal). Then we have a similar situation to the kT -factorization of BFKL physics
[14] and it is natural to identify nY as the unintegrated gluon distribution (see also next section).
NON-FORWARD GLUON PRODUCTION IN DIPOLE-NUCLEUS SCATTERING
The formalism introduced in the last section permits not only to easily recover the cross-sections for particle production
of Refs. [4, 5, 6, 8], but also to address the interesting and more difficult case where the momenta of the projectile
components is measured and rapidity evolution is allowed between the projectile and the identified gluon. The simplest
process of this kind is gluon production out of a dipole —in which the momenta of the quark and the antiquark are
measured—, which has evolved one step in rapidity (Fig. 2). According to (5), we will have
dσq(p1)q¯(p2)A→q(q1)q¯(q2)g(k,δY )X
d2q1dyq1d2q2dyq2d2kdyk
=
∏2i=1 p
+
i δ (p
+
i −q+i )
(2pi)8
∫
xx¯yy¯
e−i[q1·(x−x¯)+q2·(y−y¯)]
〈
Hprod(k)Q
(1)
xyy¯x¯ |V=V¯
〉
Y , (7)
where Q(1)xyy¯x¯ is the dipole generating functional after evolving one step δY in rapidity through the emission of an
unmeasured real or virtual gluon, given by [11]
Q(1)xyy¯x¯ =Qxyy¯x¯+
α¯ δY
4pi
∫
z
{
(Mxyz+Mxx¯z−Mx¯yz)SxzQzyy¯x¯+(Mxyz+Myy¯z−Mxy¯z)SzyQxzy¯x¯
+(Mx¯y¯z+Mxx¯z−Mxy¯z)S¯zx¯Qxyy¯z+(Mx¯y¯z+Myy¯z−Mx¯yz)S¯y¯zQxyzx¯− (Mxyz+Mx¯y¯z+Mxx¯z+Myy¯z)Qxyy¯x¯
−(Mxyz+Mx¯y¯z−Mx¯yz−Mxy¯z)Sxy S¯y¯x¯− (Mxx¯z+Myy¯z−Mx¯yz−Mxy¯z)Qxzzx¯Qzyy¯z
}
,
(8)
where S¯x¯y¯ = 1Nc Tr[V¯x¯V¯
†
y¯ ] and Mxyz = Kxxz +Kyyz − 2Kxyz is the dipole kernel. The final expression for the cross
section (7) is rather lengthy even in the large-Nc limit [12], hence we will not reproduce it here. Interestingly, it gets
dramatically simplified when we do not measure the projectile partons, i.e. we integrate over q1 and q2. Then it is easy
to see that we regain the factorized expression (6)
dσqq¯A→g(k,δY )X
d2kdyk
=− 1
(2pi)4
∫
ηη¯
e−ik·(η−η¯ )
4pi3
∫
uv
K iηuK
i
η¯v(SuvSvu−SηvSvη −Sη¯uSuη¯ +Sηη¯Sη¯η )nδY (u,v|x,y),
nδY (u,v|x,y)≡−
1
N2c −1
RauR¯
a
vZδY (x,y)|V=V¯ ; ZY (x,y)≡ eHevolYQxyyx .
(9)
The evolution of ZY (x,y) follows a simplified version of (8), which is in fact familiar from the dipole picture [15]
∂ZY (x,y)
∂Y
=− α¯
2pi
∫
z
Mxyz[ZY (x,y)−ZY (x,z)ZY (z,y)]. (10)
Since ZY [V,V ] = 1 and RaZY [V,V¯ ]|V=V¯ = 0, we are driven to
∂nY (u,v|x,y)
∂Y
=− α¯
2pi
∫
z
Mxyz[nY (u,v|x,z)+nY (u,v|z,y)−nY (u,v|x,y)], (11)
which we recognize as the BFKL equation. This supports the identification of nY as the unintegrated gluon distribution.
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